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Epitaxial growth in strained asymmetric, dislocation-free, coherent, alloy films is explored. Linear-stability
analysis is used to theoretically analyze the coupled instability arising jointly from the substrate-film lattice
mismatch �morphological instability� and the spinodal decomposition mechanism. Both the static and growing
films are considered. Role of various parameters in determining stability regions for a coherent growing alloy
film is investigated. In addition to the usual parameters: lattice mismatch �, solute-expansion coefficient �,
growth velocity V, and growth temperature T, we consider the alloy asymmetry arising from its mean com-
position. The dependence of elastic moduli on composition fluctuations and the coupling between top surface
and underlying bulk of the film also play important roles. The theory is applied to group III-V films such as
GaAsN, InGaN, and InGaP and to group IV Si-Ge films at temperatures below the bare critical temperature Tc

for strain-free spinodal decomposition. The dependences of various material parameters on mean concentration
and temperature lead to significant qualitative changes.
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I. INTRODUCTION

A dislocation-free coherent film can be grown on top of a
substrate using a variety of experimental techniques. The
growth of such a film is based on the atomic pattern of the
substrate underneath, as if it is an extension of the substrate
structure; such a growth is termed an epitaxial growth. In
heteroepitaxy, the material of the film is different than that of
the substrate. The ability to grow such solid thin films has
been of central importance in the development of modern
electronic and optical devices.

In order to produce good quality thin solid layers during
the epitaxial growth, a near match of the lattice spacings of
the film and the substrate is desirable since it minimizes and
possibly eliminates local strains in the film. In alloy films,
the mean composition can be tuned to obtain a desired band
gap and also to match the substrate-film lattice spacing for
some systems. However, for the film to be useful, its com-
position needs to remain homogeneous. The stability of a
film, grown using a typical technique such as molecular-
beam epitaxy �MBE�, depends on many variables. The pro-
cess of epitaxial growth is a nonequilibrium phenomenon in
which elastic energy, surface energy, and interfacial energy
are central; surface diffusion, deposition rate of film materi-
als and alloy segregation also play active roles.

During the growth, dislocations or other defects may get
nucleated in the film to relieve accumulated strain. The gen-
eration of dislocations can be avoided through inhomogene-
ities in the film, which can arise due to two potential insta-
bilities: morphological instability and alloy segregation
instability, the former resulting from substrate-film lattice
mismatch and the latter from spinodal decomposition mecha-
nism.

The dislocation-free morphological instability is a process
during which the growth mode of the film changes from a
two dimensional “layer-by-layer” to three dimensional, still
keeping the film coherent with the substrate. The morpho-
logical instability occurs in many heteroepitaxial systems has
been well-understood theoretically1–4 and has also been

reviewed5–7 for single-component films. The gist of this in-
stability can be summarized as follows. The planar surface of
a nonhydrostatically stressed solid, such as the epitaxially
growing alloy film, is unstable to the formation of surface
corrugations: if a small corrugation occurs, local strain en-
ergy concentration is created at its valley; this leads to dif-
fusion of matter along the film surface from the valley to a
neighboring peak where the strain energy is lower, which, in
turn, deepens the valley due to loss of mass, which then leads
to a further increase in local strain energy, thus driving the
instability. The deepening corrugations increase the surface
area with an associated surface-energy cost inhibiting the
growth of instability; the surface energy thus plays a stabi-
lizing role.

The alloy-segregation instability is driven by the thermo-
dynamics of spinodal decomposition8 and is typically mod-
eled by a Landau-Ginzburg-type free energy in which the
order parameter is related to the binary-alloy concentration
and in which the coefficient of the quadratic term is propor-
tional to �T−Tc�. Here Tc is the bare critical temperature. For
T�Tc, this term changes sign and leads to the spinodal de-
composition instability which results in a segregation of a
homogeneous mixture if its mean concentration is within the
classical spinodal. In this paper, we consider epitaxial growth
in strained, asymmetric, dislocation-free, coherent alloy
films. Stability of alloy films has been theoretically consid-
ered previously4,9–26 where, by and large, attention has been
focused either on symmetric films or on films at temperatures
larger than Tc or both. In this paper, we concentrate on asym-
metric, binary or pseudobinary alloys with T�Tc.

Composition modulations and inhomogeneities have been
seen experimentally in many alloy films: among them in
InxGa1−xAsyP1−y / InP �Refs. 27–29� as early as 1982; in
InGaP;30–32 Al-Ge;33 ZnxMg1−xSeyS1−y;

34 AlGaN and
InAlGaN;35 InGaN;36–39 InGaAs;40,41 and many multilayers
including AlAs/InAs multilayers.42

The alloy film that has been most extensively studied ex-
perimentally is Si-Ge on a Si substrate.43–55 For the Si-Ge
alloy, Tc is around 260 K and almost all the experiments are
done at T�Tc; at these temperatures, only the morphological

PHYSICAL REVIEW B 81, 235301 �2010�

1098-0121/2010/81�23�/235301�21� ©2010 The American Physical Society235301-1

http://dx.doi.org/10.1103/PhysRevB.81.235301


instability is relevant and has been very effectively used to
create self-assembled nanostructures.43 In contrast, two ni-
tride alloys GaAsN and InGaN and the alloy InGaP have Tc
larger than 1000 K. Each of these three pseudobinary alloy
films has been experimentally studied and composition inho-
mogeneities have been seen. For nitride semiconductor al-
loys, there has been a burst of experimental activity due to
their potential application to devices.56,57 For all the semi-
conductor films, there is a growing realization that the inher-
ent instability in the growth mechanism of the constituent
materials can be used to enable the system to self-assemble
and form nanostructures.6,57

The group III-V nitrides have interesting properties which
are far removed from all other semiconductor compounds,
e.g., N incorporation in GaAs �forming GaAsN� results in an
important band-gap change which opens the possibility of
designing new optoelectronic devices with novel properties;
these include high-efficiency solar cells.58,59 The large differ-
ence in the lattice constants of pure GaAs and GaN leads to
an extensive miscibility gap between the two compounds and
results in a large band gap. The width of the bandgap is
tunable by having different compositions x in the GaAs1−xNx
pseudobinary alloy. However, the significant elastic energies
resulting from the large difference in the lattice constants of
GaAs and GaN constituents also make it extremely difficult
to grow a coherent GaAsN film on a GaAs substrate. Even
though, nitrogen solubility in GaAs can be significantly
higher in epitaxial films compared to bulk,59,60 it is difficult
to incorporate more than 10% �x�0.1� of N in GaAs without
the roughening of the surface accompanied by phase segre-
gation of the two components.61,62 Morphology and optical
properties of GaAsN film on GaAs substrate have also been
explored as part of a study of GaInAsN films.63 InGaN and
AlGaN are among pseudobinary nitride alloys that have also
contributed to the development of a new generation of light
emitters due to their efficient luminescence. By adjusting
InN content in an InGaN/GaN film, most of the visible spec-
tral region can be covered. The role of nanoscale strain in-
homogeneity on the light emission from InGaN epitaxial
films has been described by Pereira et al.36 Growth of flat
GaN films at low temperatures under Ga-rich conditions has
met with moderate success indicating sensitive dependence
of the film stability on temperature T. Overall the experi-
ments show that stressed films can develop nonplanar mor-
phology without dislocations or nucleation. The onset of in-
stability is measured through a kinetic critical thickness �c, at
which surface roughening first appears, and through the char-
acteristic wavelength of instability �.

In this paper, we extend the continuum nonequilibrium
model of Huang and Desai25 to asymmetric alloy films and
apply it to some group III-V semiconductor films. The model
is described in Sec. II with many of its details given in Ap-
pendices A and B. The model includes the coupling between
top surface, underlying bulk of the growing film, and the
substrate underneath; this coupling arises from elastic forces;
composition dependence of the elastic constants that enter
the elastic energy is also included. The alloy segregation in-
stability is built in the model through a Landau-Ginzburg
model free energy which fully incorporates the asymmetry of
the binary or pseudobinary alloy films. The stabilizing sur-

face energy is included through its simplest possible model,
the drumhead model, with isotropic surface tension. There
are many parameters in the model, but none is adjustable.
The dependence of these parameters on temperature T and
mean alloy concentration x �through �o�=2x−1�� is dis-
cussed at the end of Sec. II. Linear stability analysis of the
model is presented in Sec. III in which various limiting
cases, including that of static films, are discussed before the
consideration of the general case. The manner in which the
general case can be numerically applied to a specific film is
illustrated for SiGe/Si film at 200 K. In Sec. IV, the theory is
applied to asymmetric nitride films GaAsN/GaAs and
InGaN/GaN and to asymmetric InGaP/GaAs film. Finally,
we conclude with a summary discussion in Sec. V. The
theory described in this paper can improve our understanding
of the inherent dynamical phenomenon in the growth of ep-
itaxial alloy films, since it is a theory based on fundamental
principles with predictive power about the optimum growth
conditions. For binary alloy films, with critical temperature
larger than 1000 K, at typical growth temperatures �500–900
K�, the constituent materials tend to phase segregate and dif-
fuse on the top surface leading to the coupled morphological
and phase-segregation instability. The interplay of the rela-
tive strengths of the morphological instability and the phase-
segregation instability, and the effect of surface diffusion and
material deposition in enhancing/suppressing the resultant
coupling of these two instabilities are the key ingredients in
the theory.

II. MODEL

The model system consists of a semi-infinite substrate oc-
cupying −��z�0 on which a strained asymmetric binary
�or pseudobinary� alloy film is coherently grown. The grow-
ing film lies within 0�z�h�x ,y , t� where h�x ,y , t� is its
instantaneous height above the substrate. We assume that
evaporation and recondensation are negligible during the ep-
itaxial growth of the film under ultrahigh-vacuum conditions.
We also assume that the film completely wets the substrate,
that no interdiffusion occurs between film and substrate, and
that the diffusion in the bulk film is negligible compared to
that on the surface. Due to deposition, the average height of

the film h̄=vt grows linearly with time and the growth ve-
locity v=	Ns /Nv, where 	 is the deposition rate �the num-
ber of atoms falling per unit time� and Ns /Nv�
 is akin to
the thickness of a monolayer; here Ns is the surface-number
density �per unit area� and Nv is the volume-number density
�per unit volume� of the film. Later in the paper, we also
refer to 
 as the interaction distance.

A. Equations of motion

The evolution of the film height follows a conserved dy-
namics. The motion of the interface satisfies a continuity
equation

Nv
�rn

�t
= − � · Jh + 	̃ , �1�

where �rn /�t is the rate of change in the interface position

along its normal and 	̃=	Ns /�g. The Cartesian components
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of the normal unit vector n̂, pointing away from the film, are
given by �−�h /�x ,−�h /�y ,1� /�g, where g= �1+ ��sh�2� is the
determinant of the surface metric with ��sh�2= ��h /�x�2

+ ��h /�y�2. Then the equation for the z component of the
interface motion is

�h

�t
= �g

�rn

�t
= − Nv

−1�g�s · Jh + v . �2�

Here the surface flux of atoms Jh is proportional to the gra-
dient of a diffusion potential, 
F /
h

Jh = −
DsNs

kbTNv
�s


F

h

, �3�

where F is the total free-energy functional of the system.
From the above two equations, one has

�h

�t
= �h

�g�s
2
F


h
+ v , �4�

where �s
2 is the surface Laplacian and �h=DsNs / �kBTNv

2� is
the kinetic coefficient64 which depends on Ns, Nv, tempera-
ture T, and surface-diffusion coefficient Ds. In a reference

frame moving with the average surface position h̄, one ob-
tains

�
h

�t
= �h

�g�s
2
F


h
. �5�

The evolution of the height fluctuation 
h�x ,y , t���h�x� , t�
− h̄� is coupled to local concentration fluctuation of the alloy
through the free-energy functional F. We denote �x ,y� by
�x��. It is convenient to introduce the local order-parameter
field ��x� ,z , t�=2c�x� ,z , t�−1, where c�x� ,z , t� is the instanta-
neous local concentration of component A in a AxB1−x alloy
film; � and c are defined only for 0�z�h�x� , t�. The order-
parameter fluctuation 
��x� ,z , t�=��x� ,z , t�− �̄ plays a crucial
role in the film’s growth; here �̄=2x−1 and x is the average
concentration. If x is a fraction other than 0.5, then compo-
nent A forms an asymmetric solid solution of composition x
with B. Due to the neglect of diffusion in the bulk of the film,
the layers within the film are buried metastable layers which
are frozen. It implies that the bulk order-parameter field �b at
some time t is equal to the surface field �s of an earlier time:

�b�x� ,z , t�=�s�x� , t− to� for 0�z�h, where to	�h̄−z� /v.
This, in turn, implies that �b�x� ,z , t�	�s�x� , t=z /v�. The evo-
lution of 
��x� ,z , t� also follows a conserved dynamics and is
given by

�
�

�t
= ���2


F

�

− 	
���z − h� , �6�

where

��z − h� = 
1 if z = h ,

0 elsewhere
� �7�

and where ��=Ds / �kBTNv���h
−1. Here 
=�h /��=Ns /Nv
is the effective diffusion thickness of the surface layer and
v=	
. One can also view 
 as an effective monolayer thick-

ness. The second term on the right, in Eq. �6�, results from
the tendency of the surface composition to approach its av-
erage value.24,65 We neglect the deposition noise and thermal
noise since this neglect does not alter the results of a linear-
stability analysis.24 In order to obtain the surface order-
parameter field �s, we take into account the coupling be-
tween the surface and the underlying bulk of the growing
film in the same way as was done by Huang and Desai.25

B. Free-energy functional

The free-energy functional F of the entire system from
z=−� to h is the sum of the surface free energy Fs, the
Landau-Ginzburg free energy FLG, and the elastic free en-
ergy Fel�� ,u ,h�

F = Fs + FLG + Fel, �8�

Fs = � dxdy�g , �9�

FLG =� dx� dy�
0

h

dz−
r�

2
�� − �c�2 +

u

4
�� − �c�4

+
�

2
����2� , �10�

Fel��,u,h� =
1

2
� dx� dy�

−�

h

dzSijkl�ij�kl

=
1

2
� dx� dy�

−�

h

dz�ijkluijukl. �11�

We now describe Fs, FLG, and Fel in sequence. The surface
energy term Fs, Eq. �9�, is represented by a simple model,
the drumhead model without any pinning term in which  is
the surface tension at the top surface; it is assumed to be
isotropic. The case where  may have a linear composition
dependence does not lead to any extra contribution to the
results of linear-stability analysis.25 In a nonlinear theory and
in multilayer films, it is important to include the anisotropy
of , a nonlinear dependence of the surface energy on the
strain tensor and the wetting effect arising from a nonlinear
dependence on layer thickness.6,42,66–68 We ignore these non-
linear effects due to our limited goal of a linear-stability
analysis.

The Landau-Ginzburg free energy FLG, Eq. �10�, is an
expansion around the bare critical point ��c ,Tc�. As will be
seen below, the elastic free-energy renormalizes the location
of the critical point.8 Since one can write ��−�c�= ��− �̄�
+ ��̄−�c��
�+�o with �o= ��̄−�c�, we have

FLG =� dx� dy�
0

h

dz−
r�

2
�
� + �o�2 +

u

4
�
� + �o�4

+
�

2
��
��2� , �12�

where u and � are positive constants. In a mean-field theory
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for a binary mixture, in thermodynamic equilibrium, the free
energy per mole is fmix=x log x+ �1−x�log�1−x�+�rx�1−x�.
The critical point occurs at xc=1 /2 or �c=0 and Tc
=�r / �2R�, where R is the universal gas constant. For
example,61 �r=2.16�105 J mol−1 for GaAs1−xNx, which
corresponds to Tc�13 000 K. By expanding fmix around the
critical point and comparing the coefficients of the second
and fourth order terms with those in Eq. �12�, we obtain u
=kBNvTc /3 and r�=kBNv�Tc−T�; r� is positive for T�Tc.
The number density of molecules in the film Nv is 8 /af

3 for
group IV alloys �such as Si-Ge alloys� and 4 /af

3 for group
III-V alloys,17 where af is the lattice constant of the film’s
material in bulk. The surface number density Ns is 2 /af

2. The
coefficient for the square gradient term is �=kBTcNv
2 /2
where the interaction distance is denoted by 
�Ns /Nv; it is
af /4 for group IV alloys and af /2 for group III-V alloys.
Since �c=0, �̄=�o is the average order parameter. In ab-
sence of fluctuations the integrand is the Landau free energy
per unit volume fL=−�r� /2��o

2+ �u /4��o
4. Its first derivative

fL� =−r��o+u�o
3 is the thermodynamic force conjugate to the

order parameter and the second derivative fL� =−r�+3u�o
2 is

the inverse susceptibility. Mean-field isotherms plotted in the
fL�-�o plane for T�Tc show van der Waals loops and the
locus of the extrema of the isotherms, given by fL� =0, is the
classical spinodal. The states within the classical spinodal are
thermodynamically unstable nonequilibrium states of a bulk
system for which FLG is the total free-energy functional. For
a symmetric A0.5B0.5 alloy film considered earlier,25 �o=0.
Many �o-dependent effects that emerge from our analysis do
not occur for symmetric films. It is the Landau-Ginzburg
free-energy term that is the source of many results obtained
in this paper.

Linear elasticity is implicit in the expression for the elas-
tic free-energy term, Eq. �11�, which can be expressed either
in terms of �ij and Sijkl which are the elastic stress tensor and
compliance tensor, respectively, or in terms of uij �

1
2 �� jui

+�iuj� and �ijkl which are the elastic strain tensor and elastic
modulus tensor, respectively. Here ui is the elastic displace-
ment field and each of the subscripts i, j, k, or l can be x, y,
or z. In the nonequilibrium process of growing alloy films,
the mechanical equilibrium occurs on a time scale much
faster than surface diffusion and we assume that it occurs
instantaneously. By solving the equations of mechanical
equilibrium, the u field can be obtained in terms of the other
two fields 
� and 
h, and in turn, the strain tensor field uij
can be expressed as a function of 
� and 
h. Elastic forces
are long-range forces and the displacement field u at the top
surface is dependent on u within the film and within the
semi-infinite substrate. This dependence is seen explicitly
through the equations of mechanical equilibrium and the
boundary conditions at z=−�, z=0, and z=h. For a coher-
ently growing film on a substrate, the elastic stress is propor-
tional to the lattice mismatch �= �af −as� /as; if the film is an
alloy, the stress also varies with �composition� fluctuation

� :�ij � ��+�
�� where the solute-expansion coefficient �
= ��af /��� /af. The procedure of eliminating u in favor of 
�
and 
h has been described before by Huang and Desai25 for
symmetric alloy films and is the same for asymmetric films
that we consider in this paper. We give an overview of this

procedure and give the resulting expression for the displace-
ment vector u within the film in Appendix A. For an elasti-
cally isotropic system, to which we restrict ourselves, Sijkl

=
ik
 jl�1+�� /E−
ij
kl� /E and �ijkl= �E / �1+���� 1
2 �
ik
 jl

+
il
 jk�+ �� / �1−2���
ij
kl� with Young’s modulus E and
Poisson ratio �. Generally, the elastic constants of the film
�denoted by a superscript f� depend on the local composition,
and thus on mean order-parameter �̄ �note �̄=�o� and on the
order-parameter fluctuation 
�. In the first-order approxima-
tion they are

Ef = Eo��o��1 + E1
�
�� ,

� f = �o��o��1 + �1
�
�� , �13�

where � is the shear modulus and � f = �Ef /2� f�−1��o.

C. Equations of motion in Fourier space

For the asymmetric coherent alloy film, the surface free
energy and elastic free energy terms make qualitative
changes to the standard bulk alloy thermodynamics. Our goal
in this paper is to analyze instabilities of the alloy film using
a linear-stability analysis of the coupled kinetic Eqs. �5� and
�6�. The analysis is conveniently carried out using the two-

dimensional Fourier components ĥ�q , t� and �̂�q ,z , t� which
are defined as


h�x,y,t� � h − h̄ = �
q

ĥ�q,t�ei�qxx+qyy�, �14�


��x,y,z,t� � � − �̄ = �
q

�̂�q,z,t�ei�qxx+qyy�. �15�

For the linear-stability analysis, it is sufficient to obtain the
detailed expressions for the three free-energy terms to second
order in the fluctuations 
� and 
h. The second-order ex-
pressions for Fs and FLG can be directly obtained from Eqs.
�9� and �10�. The second-order expressions for Fel are given
in Appendix B. Substitution of the second-order F in Eqs.
�5� and �6� yields the coupled linearized dynamical equa-
tions, Eqs. �B13� and �B14�, for the 2D Fourier components

ĥ�q , t� and �̂s�q , t�� �̂�q ,z=h , t�. Here we rewrite these
equations in terms of dimensionless variables. For this pur-
pose we define �o= /Eo as a characteristic length and �o
=3 / ��Eo�4�h� as a characteristic time. In terms of �o and �o,

we define the dimensionless field variables ĥ��k ,��
= ĥ�q , t� /�o and �̂s

��k ,��= �̂s�q , t�, where k=q�o and �
= t /�o. The other quantities that enter the dimensionless
equations are: �=��o, V=v�o /�o, �=���o /�h��o /

��oNv /Ns, re=r� /Eo, ue=u /Eo, �e=�Eo /2, �= �1+�o� / �1
−�o�, �o= �2E1

�− �1+�o��1
��, and �o= �8E1

�−5�1
+�o��1

�� / �2�1−�o��. Among these quantities, �o and �o de-
pend on E1

� and �1
� which arise from the dependence of the

film elastic moduli on concentration fluctuations �see Eq.

�13��. The equations that ĥ��k ,�� and �̂s
��k ,�� satisfy are

� ĥ�

��
= ahhĥ� + ah��̂s

�, �16�
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��̂s
�

��
= a�hĥ� + a���̂s

�, �17�

where

ahh = k3�2��2 − k� , �18�

ah� = − k2�− re�o + ue�o
3� +

�o�2

�1 − �o�2 +
2��

�1 − �o�
� − �okV

� + kV
� ,

�19�

a�h = k3 2���

�1 − �o�
��1 − 2�o�� + �o�� , �20�

a�� = − V − �k2�ek
2 − re + 3ue�o

2 +
2�

�1 − �o�
�� + �o���

+
Vk3

� + kV

2���

�1 − �o�
��1 − 2�o�� + �o��

� − V − �k2��ek
2 + C� +

Vk3

� + kV
F1. �21�

Here we have defined

C = − re + 3ue�o
2 + 2��� + �o��/�1 − �o� �22�

and

F1 = 2�����1 − 2�o�� + �o��/�1 − �o� . �23�

An asymmetric alloy has a nonzero �o which introduces
changes in ah� and a��. The dependence of ah� and a�� on �

arises from the Green’s function Ŵ �Eqs. �A21� and �B7��
which is related to the long-range nature of the elastic forces
and the mechanical equilibrium constraint. There is only an
indirect dependence on �o in ahh and a�h through the �o
dependence of � and �.

D. Model parameters: T and �o dependences

We have applied the theory to four different alloy films:
Si-Ge/Si, GaAsN/GaAs, InGaN/GaN, and InGaP/GaAs. For
these four alloy systems,69 we, respectively, denote Si, GaN,
InN, and InP as component A and Ge, GaAs, GaN, and GaP
as component B. In Table I, the Young’s modulus E, lattice
constant a, and surface tension  are given for each of the
alloy components for the four films. Also given is the sub-
strate lattice constant as.

We use linear interpolation �Vegard’s law74�

af = ��aA + aB� + �o�aA − aB��/2, �24�

and use the resulting af��o� to obtain75 �= �aA−aB� / �2af�
and �= �af −as� /as. We show the variation in � and � with �o
in Fig. 1. For InGaP film grown on GaAs substrate, �
changes from negative to positive values as �o varies from
−1 �pure GaP� to +1 �pure InP� since the lattice constant for
GaAs lies between those of GaP and InP; � vanishes at �o
=−0.0476. Also since the lattice constants for GaAs and GaN
are very different, � for GaAsN becomes large and negative
as �o approaches +1 �pure GaN�. Experimentally it is diffi-
cult to incorporate more than a few percent59 of GaN into
GaAs.

For the �o dependence of  and Eo, we also use a linear
interpolation between their respective values at �o=−1 and
+1. We further assume a constant Poisson ratio �o with the
result that �o=Eo / �2�1+�o�� and �1

�=E1
�, where

E1
���o� = �EA − EB�/�2Eo��o�� . �25�

The �o dependence of E1
� and �1

� leads to the result that �o
and �o also implicitly depend on �o.

As is evident, many of the parameters depend on �o and
T. The �o dependence occurs for af, �, �, Nv, Ns, Eo, , 
, �o,
E1

�, �1
�, �o, �o, �, r�, re, u, ue, �, �e, �h, and �o. Among these

r�, re, �h, and �o also depend on T. In Table II, we give the
parameters for symmetric alloy films, i.e., for �o=0. Except
where indicated these values are taken from Ref. 57. The
value of T used to obtain r�, re, and �o for each of the four
films is given in the caption.

TABLE I. Material parameters: the Youngs modulus E, the lattice constant of alloy components a, the
substrate lattice constant as, the surface-energy density of the film , and the Poisson Ratio �o. Parameters for
Si-Ge/Si system �except �o� are from, Ref. 17, and for the other three systems from �Ref. 57� except as noted.
Zincblende structure �Ref. 70� is assumed for GaN. Si, GaN, InN, and InP are, respectively, chosen to be
component A in the Si-Ge, GaN-GaAs, InN-GaN, and InP-GaP alloys.

Physical constants

Si-Ge/Si GaAsN/GaAs InGaN/GaN InGaP/GaAs

Si Ge GaN GaAs InN GaN InP GaP

E ��1011 J /m3� 1.30 1.03 1.81 0.86 0.868a 1.81 0.611 1.03

a �10−10 m� 5.43 5.65 4.50 5.65 4.98b 4.50 5.87 5.45

as �10−10 m� 5.43 �Si� 5.65 �GaAs� 4.50 �GaN� 5.65 �GaAs�
 �J /m2� c 2.51 1.93 4.1a 2.4c 2.2a 4.1a 1.8c 2.8c

�o 1/4 1/4 1/3 1/3 1/3 1/3 1/3 1/3

aReference 71.
bReference 72.
cReference 73.
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We show the temperature dependence of Ds and �o in Fig.
2. The kinetic coefficients �� and �h depend on the surface-
diffusion coefficient Ds. Among the various parameters that
enter the theory, the temperature dependence of the surface
diffusion coefficient Ds is the most sensitive, due to its
Arrhenius behavior Ds=Do exp�−Eg /kBT� and is not accu-
rately known in literature. This creates some uncertainty in
numerical results. Fortunately, Ds enters the theory only
though the characteristic time �o. The values of the prefactor
Do and activation energy Eg, that we use, are given80 in Table
II. In Fig. 2, �o is seen to change by 10–15 orders of magni-
tude as T is changed by a few hundred degrees. This dra-
matic variation is particularly relevant when comparing
theory and experiment. In particular, an unstable system
might appear stable on the experimental length and time
scales.

III. LINEAR-STABILITY ANALYSIS

In Eqs. �16� and �17�, we substitute ĥ�=ho exp���� and
�̂s

�=�so exp����. The latter is consistent with the substitution
made to solve Eq. �A20� which resulted in Eq. �A21�, since
�t=��. The substitution leads to

�� − ahh� − ah�

− a�h �� − a��� �� ho

�so
� = 0, �26�

which implies that the growth rate ��k� satisfies

�� − ahh�k���� − a���k,��� − ah��k,��a�h�k� = 0. �27�

The regions of parameter space which lead to positive values
of �, as a result of solving Eq. �27�, are regions of joint

linear instability for both the fields ĥ��k ,�� and �̂s
��k ,��. For

the regions where ��0, linear-stability analysis implies ei-
ther stability or metastability of the system.

A. Qualitative analysis

In order to get some qualitative idea of the solution of Eq.
�27�, set �o=0 and �=0 in Eqs. �18�–�21�. This reduces Eq.
�27� to

�� − �o
lm�k���� − �o

sd�k�� = 0, �28�

where

�o
lm�k� = k3�2��2 − k� �29�

and

�o
sd�k� = − V − �k2�− re + 3ue�o

2 + �ek
2� . �30�

�o
lm�k� is the root that leads the morphological instability,

related to lattice mismatch �lm�, for 0�k�2��2; it reaches a
maximum value of �max

lm �kmax
lm �=27���2�4 /16 at kmax

lm

=3��2 /2. The other root, �o
sd�k�, is related to the spinodal

decomposition �sd� instability in which the deposition rate 	
plays a role through V. For V���−re+3ue�o

2�2 / �4�e�, �o
sd�k�

becomes a negative stable root and the system instability is
driven by �o

lm�k�.
For V=0, the static value of �o

sd, ��o
sd�static=�k2�re

−3ue�o
2−�ek

2� is negative in the metastable region and posi-
tive in the spinodal region. The equation of the classical
spinodal line separating the two regions is given by re
−3ue�o

2=0. The maximum value of ��o
sd�static�k� is attained

when k=kmax
sd =��re−3ue�o

2� / �2�e� and is �max
sd �kmax

sd �=��−re
+3ue�o

2�2 / �4�e� which is also the cut-off value of V above
which �o

sd�k� becomes negative.
The result that for very large V the largest positive root

�max�k� would approach �o
lm�k� is also true, in general. This

can be seen as follows: �i� in the region of k where �o
lm is

positive, k	��2	0.01, since �	1 and �	0.1. �ii� ahh
	�8, a��	�−V�, and a�hah�	�11 which makes it much
smaller than ahha��. �iii� Neglecting a�hah� leads to two
roots ahh=�o

lm�k� and a��→ �−V� provided V� �� /k�	k3

	���2�3	10−6.
For the general case, one cannot set �o=0 or �=0, and

the general solution arises from the coupling of the two in-
stabilities due to nonzero � and �o. We first consider the
solutions of Eq. �27� in certain limiting cases before discuss-
ing the general case.

B. One component film

If only a single component is deposited on a substrate

�e.g., Ge on Si�, only the height field ĥ� is relevant. The
detailed analysis has been done by Spencer et al.4 One has

ĥ�=ho exp���� with �=ahh�k�=�o
lm�k�=k3�2��2−k� where

the first term arising from the lattice mismatch � is always

FIG. 1. Variation in lattice mismatch � and solute expansion
coefficient � with the composition �o. �o=1 corresponds to the
composition of pure component A which are Si, GaN, InN, and InP
in Si-Ge, GaN-GaAs, InN-GaN, and InP-GaP alloy films, respec-
tively. � also depends on the substrate lattice constant as. The values
of lattice constants of different components are given in Table I.
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destabilizing regardless of the sign of � and the second term
originating from the surface energy is always stabilizing. The
growing film is unstable for 0�k�kc�2��2. The maximal
instability occurs at km=3kc /4 with ��km�=27�4�8 /16. The
peak of the instability moves to longer wavelengths as � is
decreased. The critical thickness of the film, defined as hc
��c /�o=V /��km�, depends steeply on � as �−8.

C. Limit �=0

This limit corresponds to growth of a film on a lattice-
matched substrate, such that �=0. For InGaP films grown on
a GaAs substrate, � vanishes at �o=−0.0476 corresponding
to about 48% InP in the alloy film. In �=0 limit ahh=−k4,
ah�=−k2�−re�o+ue�o

3�, a�h=0, and a��=−V−�k2�−re

+3ue�o
2+ 2�2

�1−�o� +�ek
2�+ Vk3

�+kV

2���2�1−2�o�
�1−�o� . The characteristic

equation then takes the form

�� + k4���2 + a1� + a0� = 0, �31�

where

a1 = �1 + k�V + �k2�− re + 3ue�o
2 +

2�2

�1 − �o�
+ �ek

2��
�32�

and

a0 = kVV + �k2�− re + 3ue�o
2 +

4�2�o
2

�1 − �o�2 + �ek
2�� .

�33�

For dynamically growing films the linear instability/stability
of the film is governed by Eq. �31�, where the root �=−k4 is
a stable root. The instability, if any, will arise if either of the
two roots of the remaining quadratic becomes positive. The
two remaining roots, expressed as ��= �−a1��a1

2−4a0� /2,
can be explicitly written as

TABLE II. Material parameters related to the LG and elastic-free energies for a symmetric mixture, �o

=0. For example, the values of  and Eo for the film are given, for a symmetric mixture, as the mean of the
respective component values given in Table I. Many parameters in this table depend on �o. The parameters
r�, re, and �o also depend on temperature T for which the values used are 200 K for Si-Ge/Si, 500 K for
GaAsN/GaAs, 800 K for InGaN/GaN, and 823 K for InGaP/GaAs. Si, GaN, InN, and InP are, respectively,
chosen to be the component A in Si-Ge, GaN-GaAs, InN-GaN, and InP-GaP alloy films.

Parameters Si-Ge/Sia GaAsN/GaAs InGaN/GaN InGaP/GaAs

�r�104 J /mole� 0.43 21.6b 2.99 2.08

Tc�K� 261 13000 1800c 1250d

Eo�1011 J /m3� 1.17 1.34 1.34 0.821

�J /m2� 2.22 3.25 3.15 2.3

af�10−9 m� 0.554 0.508 0.474 0.566


�10−9 m� 0.139 0.254 0.237 0.283

�o�10−11 m� 1.9 2.43 2.35 2.8

r��108 J /m3� 0.39 52.5 5.18 1.3

re 0.000339 0.0393 0.00387 0.00159

u�108 J /m3� 0.564 18.2 3.11 1.27

ue 0.000484 0.0136 0.00232 0.00155

��10−10 J /m� 0.016 1.77 0.26 0.15

�e 0.0385 2.24 0.354 0.236

E1
� 0.116 0.356 −0.352 0.255

�1
� 0.116 0.356 −0.352 0.255

�o 0.087 0.237 −0.235 0.17

�o 0.135 0.356 −0.352 0.255

� 0.137 0.0958 0.0993 0.0991

Do�m2 /s� 8.45�10−10 2.5�10−6 1.21�10−5 1.6�10−5

Eg�eV� 0.83 1.5e 1.0 1.2

�o�s� 5.2�104 5.85�10−6 2.81�10−14 3.28�10−13

aReference 17.
bReference 61.
cReferences 76 and 77.
dReferences 30 and 78.
eReference 79.
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�� =
1

2
���1

0 + �3
0�

� ���1
0 − �3

0�2 + 8�1 + �o��1 − 2�o���2Vk3/�1 − �o�2� ,

�34�

where �1
0=−kV and �3

0=−V−�k2�−re+3ue�o
2+ 2�2

�1−�o� +�ek
2�.

In case of instability, the k variation in the largest positive
root can be tracked: at some value of k, denoted by kmax, the
positive root will have its maximum value, denoted as �max.
The variation in kmax and �max with V at different values of T
gives a quantitative measure of the instability. Figure 3
shows �max as a function of V for various T for InGaP/GaAs
at �o=−0.0476, �=0. As T increases, the range of V, for
which the instability occurs, decreases. For T�900 K, no
instability is found. For each positive value of �max, the cor-
responding kmax=0.0001. For values of V outside the range
of positive �max, �max, and kmax vanish, indicating stability.

In general, the condition for stability requires a1�0 and
a0�0. Now if 2�2 / �1−�o��re, then a1�0 is satisfied. The
condition a0�0 for any k gives the constraint on V that V
�Vo, where Vo=��−re+3ue�o

2+4�2�o
2 / �1−�o�2�2 / �4�e�. For

V�Vo, the alloy film is linearly unstable to segregation due
to the coupling of � with the growth velocity V. However, if
in a0, the combination �−re+3ue�o

2+4�2�o
2 / �1−�o�2��0,

then the film is stable irrespective of the value of V.
If for 2�2 / �1−�o��re, in a1, the combination �−re

+3ue�o
2+2�2 / �1−�o���0, then the condition for stability,

resulting from a1�0, has to be explored numerically. The
other condition, emerging from a0�0, remains the same: V
�Vo.

The inset in Fig. 3 shows Vo as a function of T for InGaP/
GaAs at �o=−0.0476, �=0. The range of V where instability
is found is at least three orders of magnitude smaller than Vo.

D. Static limit

The static films correspond to V=0 limit. In this limit a��

and ah� become independent of � and Eq. �27� becomes a
quadratic equation in �

�2 + A1� + A0 = 0, �35�

where the coefficients A1=−limV→0�ahh+a��� and A0
=limV→0�ahha��−a�hah�� can be easily obtained from Eqs.
�18�–�21�. Again, the condition for stability requires that A1
�0 and A0�0. At k=0, both A0 and A1 vanish with the
consequence that both the roots vanish. In the parameter
space, the surface between unstable and stable regions is the
surface defined by A0=0 since one of the roots vanishes on
this surface. The marginal stability on this surface also re-
quires that the other nonzero root be negative which addi-
tionally requires A1�0. The stability conditions A1�0 and
A0�0 for the entire range of k reduces to the following four
inequalities:

C � 0, �36�

FIG. 2. The surface-diffusion constant Ds and the characteristic
unit of time �o follow an Arrhenius dependence on temperature T,
and depend on the binding energy Eg and prefactor Do. Do and Eg

are given in Table II. �o changes over many orders of magnitude on
changing T by a few hundred degrees.

FIG. 3. Unstable root for InGaP/GaAs at �o=−0.0476, �=0.
�max as a function of V shown for various T in a double-logarithmic
plot. For each positive �max value, the corresponding kmax=0.0001.
�max and kmax vanish for V values outside the range shown for each
T, indicating stability. The inset shows log10�Vo� as a function of T.
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�C −
���2�2

�1 + ��e�
� 0, �37�

− 2��2�C + P � 0, �38�

where

P =
2���

�1 − �o�
��1 − 2�o�� + �o��

�
 �o�2

�1 − �o�2 +
2��

�1 − �o�
− re�o + ue�o

3� . �39�

Also if �4m2−3�eC��0, where m=�e��2, then an extra con-
dition needs to be satisfied

− 2��18C�em + 8m3 + �4m2 − 3�eC�3/2� + 27�e
2P � 0.

�40�

Here C is given by Eq. �22�. For �=0, the boundary of the
unstable region is given by Eq. �36�, which is also the spin-
odal curve.8 However, for ��0, the other three inequalities
in Eqs. �37�, �38�, and �40� contribute to instability. For low
values of � the boundaries of the unstable region then extend
to include regions on either side of the spinodal curve. This
implies that � has a dominant role in turning the regions

which are metastable due to phase-segregation phenomena
into unstable regions.

While some of the material parameters that enter the four
inequalities in Eqs. �36�–�38� and �40� are constant, many
depend on �o and re depends on both �o and T. Once �o and
T are chosen, it is straightforward to calculate the left-hand
side of each of the inequalities and, in turn, determine
whether the static film is stable, marginally stable or unstable
at that point in the �o-T plane. In the calculations, full �o
and T dependences are included. The stability results are
shown in Fig. 4: the stability boundaries for Si-Ge/Si film in
�a�, GaAsN/GaAs film in �b�, InGaN/GaN film in �c�, and for
InGaP/GaAs film in �d�. For GaAsN/GaAs and Si-Ge/Si
films, it is the inequality in Eq. �38� that is violated in the
unstable regions. For the InGaN/GaN film, however, one or
more of all the four inequalities are violated depending on �o
and T. The open circles in �c� correspond to �T-�o� points
where instability has been observed for InGaN/GaN by Rao
et al.38 The InGaP/GaAs film is stable only in a rather nar-
row range of �o within the region 400�T�1000 K due to
the violation of the inequality in Eq. �38�; the left edge of the
stable region is at �o=−0.0476; at this value of �o, �=0.

Within the unstable regions, the positive roots of the qua-
dratic Eq. �35� lead to growth of fluctuations. The roots of
this quadratic are

�� = −
1

2
k2��1 + ��e�k2 − 2��2k + �C� �

1

2
k2���1 − ��e�2k4 − 4��2�1 − ��e�k3 + 4����2�2 − �C�k2 − 4�P − �C��2�k + ��C�2� .

�41�

FIG. 4. The regions of stability �S� and instability �U� in the �T-�o� plane for V=0 �static film limit�: �a� Si-Ge/Si film, �b�GaAsN/GaAs
film, �c� InGaN/GaN film, and �d� InGaP/GaAs film. The open circles in �c� correspond to �T-�o� points where instability has been observed
for InGaN/GaN by Rao et al. �Ref. 38�.
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This result is used to analyze static alloy films in the unstable
region for the case of zinc-blende InGaN/GaN film. Again by
tracking k variation in ��, the maximally unstable mode at
�kmax ,�max� can be obtained in the unstable region of the
�T ,�o� plane. This mode diverges exponentially with time
and outgrows all other growing modes in a linear-stability
analysis. The corresponding wavelength of the fluctuations is
���o /kmax. In Fig. 5, we show the results for a InGaN/GaN
film: kmax, �max, and ��m� are shown as functions of �o for
various T. The experimental results by Rao et al.38 for ��m�
at four different �T�K�, �o� points are also shown. The com-
parison has to be looked at with some caution. The theory is
applicable only to zinc-blende systems since a cubic symme-
try of the substrate and the coherent film is implicit in the
theory; the experiments are, however, for a wurtzite case
with a hexagonal symmetry; the comparison is done just to
show that the trend of the �o variation is similar: � increases
as �o decreases and reaches � at the unstable/stable bound-
ary.

E. General case

The general case corresponds to the solution of Eq. �27�
for ��k�. Since the expressions for both a�� �Eq. �21�� and
ah� �Eq. �19�� contain ��+kV� in a denominator, we ratio-
nalize Eq. �27� by multiplying it with ��+kV� to obtain a
cubic equation for ��k�

�3 + a2�k��2 + a1�k�� + a0�k� = 0, �42�

where

a2�k� = �1 + k�V + k2�C − k32��2 + k4���e + 1� ,

=− �− kV + �lm + �sd� , �43�

a1�k� = kV2 + k3V��C − F1 − 2��2� + k4V�1 − 2��2�

+ k5�V���e + 1� + P − 2��2�C�

+ k6�C − k72��2��e + k8��e,

=�lm�sd − kV��lm + �sd� − k3VF1 + k5P , �44�

and

a0�k� = − k4V22��2 + k5V2 + k6V�P − 2��2�C�

+ k7V��C − F1� − k8V2��2��e + k9V��e,

=kV�lm�sd + k6VP − k7VF1. �45�

Here �lm��o
lm is given in Eq. �29�, and C, F1, and P are

given, respectively, in Eqs. �22�, �23�, and �39�. Also

�sd = − V − k2��C + k2�e� � �o
sd − k2��2��� + �o��/�1 − �o�� .

�46�

If, in each of a1�k� and a0�k�, the terms proportional to P and
to F1 are ignored, then the cubic equation reduces to

�� + kV��� − �lm��� − �sd� = 0. �47�

The root �−kV� is associated with a stable growth due to
deposition in absence of fluctuations and diffusion, and the
other two, �lm and �sd, represent two decoupled instabilities.
The coupling arises from the terms proportional to P and F1.
When these terms are included, it is not possible to obtain

FIG. 5. InGaN/GaN film: the �o variation in �a� kmax, �b� �max, and �c� ��m� for various T. In �c�, the experimental results of Rao et al.
�Ref. 38� are shown: �T�K� ,�o�= �1093,−0.32�—solid circle; �1123,−0.44�—cross; �1153,−0.56�—solid triangle; and �1183,−0.76�—solid
square at �1200,−0.94� �=�.
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simple analytic expressions for the roots of the cubic. If the
term proportional to F1 is ignored in each of a1�k� and a0�k�,
analytic expressions for the coupled roots can be obtained.
The root �−kV� remains unchanged and the other two roots
are

�2
approx = �lm − � ,

�3
approx = �sd + � ,

where

� =
1

2
�− ��sd − �lm� + ���sd − �lm�2 − 4k5P� . �48�

However, ignoring the terms proportional to F1 is rarely jus-
tified, and to proceed further, the analysis for the general
case requires numerical approach. The goal in the numerical
analysis is to probe the stability/instability of a system in the
�V ,T ,�o� space through the exact numerical roots �1, �2,
and �3 of the cubic characteristic equation. For each chosen
point �V ,T ,�o�, various parameters can be uniquely obtained
and the three roots of the cubic can be obtained as functions
of k. If any one �or more� of the three roots is positive for a
range of k values, one can uniquely obtain the maximum root
�max and the associated k value, �kmax� at which this maxi-
mum occurs. When the system is unstable, the growth of the
fluctuations is dominated by the value of the �real part of the�
maximum, �max�kmax�. This mode diverges exponentially
with time and outgrows all other growing modes. The corre-
sponding wavelength of the fluctuations is ���o /kmax.

The variation in numerical roots �1, �2, and �3 with k
contains the richness and complexity of Eqs. �42�–�45�. The
coupling of the two instabilities, arising from nonzero F1 and
P, often leads to two positive roots, say, �2 and �3; as k

increases, occasionally these two merge into a complex pair
��re� i�im� with �re�0 �oscillatory instability�. The goal of
the numerical analysis is to map out the �real part of the�
maximally unstable root �max�kmax� in the parameter space of
T, V, and �o. The most unstable root �max�kmax� often
switches from one of the positive roots, say, �2, to another,
say, �3, as the analysis moves in the �T ,V ,�o� space. Many
of the parameters depend on �o and T. The �o dependence
occurs for af, �, �, Nv, Ns, 
, Eo, , E1

�, �1
�, �o, �o, re, ue, �e,

�o, �o, �, and �h. Among these re, �h, and �o also depend on
T; �h and �o vary rapidly with T due to their dependence on
Ds which has an Arrhenius behavior �Fig. 2�. Figure 6 illus-
trates the sensitivity of results on the �o and T dependences
of the parameters and indicates the importance of fully in-
cluding them in the analysis.

Figure 6 shows the variation in kmax and �max with �o for
various values of V. The left half ��a� and �b�� shows the
results for the Si-Ge/Si film where T=200 K and the �o
variation in all the parameters is fully included. From Fig. 1
one has � nearly independent of �o with a value of −0.02
and � varying linearly between +0.04 and 0 as �o changes
from −1 to +1. In the right half ��c� and �d��, � is held fixed
at +0.005 and � at +0.05 while the remaining parameters
kept with �o variation as in the left half. The choice of T
=200 K is made in order to have T�Tc. In the right half, a
larger value of � and a rather small positive value of � are
chosen to enhance effects of lattice mismatch. For V=10−3,
in the right half, �max is independent of �o and has a value of
	5.1�10−10 which is comparable to �max

lm =27�4�8 /16. This
is the expected behavior for large V. The corresponding
kmax=3��2 /2=6.25�10−3 corresponds to the instability
wavelength of 2��o /kmax	1.9�10−8 m. The growth rate
�max	5.1�10−10 corresponds to a rather large evolution
time scale of �o /�max	1016 s, but there is some uncertainty

FIG. 6. kmax and �max as functions of �o at T=200 K for different values of growth velocity V �see legend box in �a��. Left half ��a� and
�b�� for �o-dependent parameters appropriate to Si-Ge/Si films. Right half ��c� and �d�� the same except � is held fixed at +0.005 and � at
+0.05.
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in �o due to uncertainty in Ds. In the left half, where the
linear �o variation in � is retained, for V=10−3, the �2 behav-
ior for kmax→�o

2 behavior and a much steeper �8 behavior
for �max→�o

8 is not yet fully achieved; a larger V is needed
for the �max

lm to dominate. In the next section, we fully include
the ��o ,T� dependences of all the parameters and apply the
theory to alloy films of III-V group whose material param-
eters at each pair ��o ,T� can be obtained using those given in
Tables I and II.

IV. APPLICATION TO GROUP III-V FILMS

A. Nitride films: GaAsN/GaAs and InGaN/GaN

In Fig. 7, kmax and �max are shown as functions of V for
various values of �o at T=500 K. For large values of V, kmax
equals 3�����o��2 /2 and �max equals 27������o��2�4 /16 as
expected. For a fixed, large value of V, as �o increases, the
magnitude of ���o� increases �see Fig. 1�. This leads to an
increase in both ����o��2 and ����o��8, which results in the

monotonic upward shift of the kmax�V� and �max�V� curves on
the large V side.

The jump in value of kmax for �o=0.3 and �o=0 around
V=10−8 corresponds to a switch between maxima of two
different roots of the cubic, Eq. �42�. Specifically, at large
values of V �flat horizontal portion of the curve in Fig. 7�,
kmax and �max are dominated by the morphological instability
arising from lattice mismatch. As V is decreased, this root
gets gradually more coupled with the spinodal decomposi-
tion instability leading to a gradual decrease in kmax and �max
until around V	10−7–10−8, at which point a discontinuous
jump occurs in kmax to a different root with a higher kmax but
the same �max. In this region the two instabilities are strongly
coupled. �Since �max value does not change during the
switch among two roots, there is no jump discontinuity in the
bottom half of Fig. 7.� A similar phenomena is seen also in
results for other films which are shown below.

The results displayed in Fig. 7 are in terms of dimension-
less quantities. It is useful to show them in a different way
using dimensional quantities. This is done in Fig. 8. Its top
half shows the wavelength �in meters� of the maximally
growing Fourier component of fluctuations �=�o /kmax as a
function of �o for various temperatures �see legend in bot-
tom half�. A part of the top half is enlarged in Fig. 9. The
region enlarged has −0.95��o�−0.90 and T=673 and 723
K. The two solid points correspond to two films experimen-
tally grown by McGee et al.63 �see Table I, Figs. 4�a� and

FIG. 7. GaAsN/GaAs films: kmax and �max vs V, at T=500 K,
for various values of �o. From top to bottom, �o=0.9 �squares�, 0.6
�solid diamonds�, 0.3 �solid circles�, 0 �asterisks�, −0.3 �solid tri-
angles�, −0.6 �open circles�, and −0.9 �crosses�.

FIG. 8. GaAsN/GaAs films: � and �c vs �o at various values of
T as shown. The growth velocity is fixed at v=0.1 nm s−1.
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4�b� in this paper�. The two experimentally grown films cor-
respond to �T=673 K, x=0.042, and �o=−0.916 �solid
square�� and �T=823 K, x=0.034, and �o=−0.932 �solid
circle��, respectively. In agreement with experimental obser-
vation, the wavelength � increases with T, however, the sig-
nificant reason for this increase is a combination of both the
decrease in �o or equivalently in x, and the increase in T.

The bottom half of Fig. 8 shows the critical thickness �c
which is defined in the following manner. The Fourier com-
ponent of the maximally growing fluctuation of the film

height behaves as ĥ�=ho exp��max��; until time �c defined as
�max�c=1, the exponentially growing fluctuations are reason-
ably contained; the mean height of the film at time �c is
referred to as the critical film thickness �c. Thus, in meters,
�c=v�o�c=v�o /�max=V�o /�max. For film thickness smaller
than �c, one expects, even for unstable films, a nearly flat top
surface as the film grows. We have chosen a typical value of
growth velocity: v=0.1 nm s−1. When v is fixed, for a given
T, the dimensionless growth velocity V remains approxi-
mately constant as �o changes from −1 to +1. However V
depends strongly on T: for the results shown in the bottom
half of Fig. 8, V�2�10−4, 10−6, 2�10−8, 8�10−10, and 8
�10−11 for T=500, 600, 700, 800, and 900 K, respectively.
For v=0.1 nm s−1, the bottom half of Fig. 8 shows that for
small N content in a GaAsN film, say, x=0.1 or equivalently
�o=−0.8, the critical thickness is at least81 100 nm at each of
the five T values. Higher the temperature, lower is the value
of �c above which the top film surface begins to roughen.
Also, for a given T, higher the �o �equivalently higher the x
of N�, greater the instability of the film and lower the value
of �c. Note that discontinuities in kmax show up as disconti-
nuities in � and lack of discontinuities in �max results in a
similar lack in �c.

Figure 10 shows the variation in kmax and �max with V for
an InGaN/GaN film at 800 K for various values of �o. In Fig.
11, the variation in � and �c with �o is shown for various T
at fixed growth velocity v=0.1 nm s−1. These results are
qualitatively similar to those for a GaAsN/GaAs film. Again,
for a fixed T, V is approximately constant as �o is varied:

V�5�10−10, 10−11, 10−12, 1.4�10−13, and 3�10−14 for T
=500, 600, 700, 800, and 900 K, respectively.

B. InGaP/GaAs

In contrast to Si-Ge/Si, GaAsN/GaAs, and InGaN/GaN,
the InGaP film on a GaAs substrate is different in that neither
InP nor GaP is its substrate. From Table I, it is seen that the
lattice constant of GaAs is in between those of InP and GaP.
For �̄�=�o

�=−0.0476 corresponding to In0.476Ga0.524P alloy
film, there is an exact match between the lattice constants of
the film and the substrate leading to ���o

��=0. Around �o
=�o

�, the morphological instability �arising from the lattice
mismatch� is weak and the spinodal decomposition instabil-
ity is either weaker or even is marginally stable for tempera-
tures between 400 and 1000 K.

Figure 12 shows the variation in kmax and �max with V for
an InGaP/GaAs film at 823 K for various values of �o. We
choose T=823 K in order to make qualitative comparison to
the experiments by Bortoleto et al.30–32 A consistent general

FIG. 9. GaAsN/GaAs films: � vs �o at T=673 and 723 K and
comparison with films grown by McGee et al. �Ref. 63� The growth
velocity is fixed at v=0.1 nm s−1.

FIG. 10. InGaN/GaN films: kmax and �max vs V, at T=800 K,
for various values of �o. From top to bottom, �o=0.9 �squares�, 0.6
�solid diamonds�, 0.3 �solid circles�, 0 �asterisks�, −0.3 �solid tri-
angles�, −0.6 �open circles�, and −0.9 �crosses�.
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behavior common to Figs. 7, 10, and 12 is that the large V
limit corresponding to the lattice mismatch root �lm is
achieved by kmax and �max at the largest V shown in these
figures. Figure 13 displays the variation in � and �c with �o
for various T at fixed growth velocity v=0.1 nm s−1. For
each T, as �o varies, the dimensionless V does not vary sig-
nificantly: V�4�10−8, 5�10−10, 2�10−11, 2�10−12, and
3�10−13 for T=500, 600, 700, 800, and 900 K, respectively.
Around �o=�o

�, kmax and �max are almost zero leading to
diverging � and �c in Fig. 13. This behavior is also related to
a narrow stability band for �o��o

� for various values of T as
seen in Fig. 4.

Bortoleto et al.30–32 have grown and examined InGaP/
GaAs film samples �mostly at 823 K�; three of these samples
have x=0.485, 0.542, and 0.590 corresponding to �o=
−0.03, 0.084, and 0.18, respectively. For �o�0.1, from Fig.
13, ��100 nm which compares favorably to a value of 70
nm quoted by Bortoleto et al.32 Even though the growth
velocity v is higher, roughly by a factor of two, in these
experiments, the values of � and kmax are rather insensitive to
variations in v for v�0.1 nm /s, as seen from Fig. 12.

V. CONCLUSIONS

In this paper, we investigated the nonequilibrium growth
process of an epitaxially growing, coherent, asymmetric al-
loy film. We described in detail �Sec. II, Appendices A and
B� a continuum dynamical model for asymmetric films

which generalizes the work of Huang and Desai25 for sym-
metric films. The model fully incorporates the long-range
nature of the elastic forces by including the coupling of the
top surface of a growing film with the bulk film underneath
and the substrate below. The dependences of various param-
eters on the mean concentration x, appearing through the
parameter �o ��o=2x−1�, is fully included. The role of con-
centration fluctuations around the mean is central to the
model. The thermodynamic free energy for a binary mixture
�mean-field model� is generalized to the appropriate Landau-
Ginzburg �LG� free-energy functional, which leads to the
alloy-segregation instability in mixtures with mean concen-
trations within the classical spinodal for T�Tc. The elastic
free-energy functional is the cause of the morphological in-
stability which arises from the film-substrate lattice mis-
match. The two instabilities are coupled. In the model, the
surface free-energy functional has a stabilizing effect on the
growing film.

During the growth process, the film reaches mechanical
and thermal equilibria on a much faster time scale than the
chemical equilibrium. The assumption of instantaneous me-
chanical equilibrium is used to express the elastic displace-
ment vector u in terms of the Fourier components of surface

concentration fluctuations �̂s and film height fluctuations ĥ;
this expression is then used to eliminate u and to obtain a

coupled set of linear equations of motion for ĥ and �̂s. This
set of equations quantifies the early stage of the film growth

FIG. 11. InGaN/GaN films: � and �c vs �o at various values of
T as shown. The growth velocity is fixed at v=0.1 nm s−1.

FIG. 12. InGaP/GaAs films: kmax and �max vs V, at T=823 K,
for various values of �o. From top to bottom, �o=0.9 �squares�, 0.6
�solid diamonds�, 0.3 �solid circles�, 0 �asterisks�, −0.3 �solid tri-
angles�, −0.6 �open circles�, and −0.9 �crosses�.

DESAI et al. PHYSICAL REVIEW B 81, 235301 �2010�

235301-14



as it evolves via the competition between deposition and
surface diffusion. Characteristic length �o and characteristic
time �o are defined and used to render the equations dimen-

sionless in terms of ĥ� and �̂s
�.

The parameters in the model, none of which are adjust-
able, include the growth velocity V, lattice mismatch �,
solute-expansion coefficient �, mean order-parameter �o,
and temperature T. Parameters related to material properties
depend on �o and T; the dependence of � and � on �o is
shown in Fig. 1 for various films to which the theory is
applied. The �o dependence of the elastic moduli Eo and �o;
of the GL parameters re, ue, and �e; of the characteristic
lengths 
 and �o; and of the characteristic time �o is also
included in the numerical results shown in various figures.
The parameters re and �o also depend on T. The sensitive T
dependence of Ds and �o is shown in Fig. 2. There is signifi-
cant uncertainty in the available experimental values of the
effective surface-diffusion coefficient Ds; fortunately it en-
ters the theory only through the characteristic time �o.

In Sec. III, the dimensionless linear coupled equations are
used to perform a stability analysis. Various limiting cases,
including the case of static films, are considered prior to the
discussion of the general case. The case of �=0 is illustrated
in Fig. 3 with the InGaP/GaAs film which is lattice matched
at �o=−0.0476. The stability phase diagram for four differ-
ent static films is shown in Fig. 4. Figure 5 shows coupled
instability related results for a static InGaN/GaN film. This is
followed by the discussion of the analytic results for the
general case. Figure 6 shows the importance of including the

�o dependence of various parameters that enter the model.
As a result of the coupling of the two instabilities, there is a
joint modulation of the surface morphological profile and the
alloy composition. Thus a planar surface can be stabilized
only if alloy decomposition does not occur and vice versa.

The theory is applied to three semiconductor films—
GaAsN/GaAs, InGaN/GaN, and InGaP/GaAs—in Sec. IV
and the results are shown in Figs. 7–13. In Figs. 7, 10, and
12, the variations in dimensionless wave vector kmax and di-
mensionless growth exponent �max of the maximally un-
stable growth mode with respect to dimensionless growth
velocity V are shown for a set of �o values. In Figs. 8, 11,
and 13, the variations in the wavelength � �in meters� of the
maximally unstable mode and critical thickness �c �in
meters� with respect to �o are shown for various tempera-
tures T. Comparison with available experimental results is
made. In applying the theory to asymmetric films, we find
that the �o and T dependences of the model parameters make
qualitative difference to the results. Due to uncertainty in
values of Ds and �o, the absolute values of �c in Figs. 8, 11,
and 13 may be in error, however, the trend of its variation
with �o and T is expected to remain valid.

One of the shortcomings of the continuum theory, used in
this paper, is that for the morphological instability it predicts
a quadratic dependence on � for the maximally unstable
wave number kmax

lm �see Eq. �29� and the discussion following
Eq. �30��, however, this result disagrees with
experiments48,49 on SiGe/Si�001� at temperatures around
950–1000 K, which shows a linear dependence of kmax

lm on �.
Some of the theoretical work10,11,13,14 has explained these
experimental results by considering differing atomic
mobilities82 of the constituent species on the film surface
during the growth, especially as applied to the SiGe/Si film.
This linear dependence may be more general as shown re-
cently by Huang and Elder.83 They used a multiple scale
analysis to analyze a nonlinear phase field crystal model
which incorporates continuum elasticity and crystalline sym-
metry and obtained the crossover from �2 to � dependence
for kmax

lm . It may be possible to extend our model by including
these ideas.10,83 However, the surface-diffusion process dur-
ing the growth of asymmetric alloy films is complex, espe-
cially at temperatures T�Tc, for example, it can involve
dimerized atoms and surface reconstruction.84 The dimers,
which may consist of either unlike or like alloy components,
while diffusing on the growing film surface add to the com-
plexity of the growth process.85,86 Our model can also be
extended along the lines of the work by Léonard and Desai,21

if one needs to include atomic-ordering effects. Another sim-
plification in our model is the assumption of elastic isotropy
which simplified the elastic free-energy functional and analy-
sis related to the mechanical equilibrium constraint. How-
ever most film materials are elastically anisotropic with zinc
blende or wurtzite lattice structure. It may be possible to
relax this assumption and extend the model to elastically
anisotropic films with hexagonal or cubic lattice symmetry.87
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APPENDIX A: MECHANICAL EQUILIBRIUM
CONSTRAINT

In this appendix, we use the condition of mechanical equi-
librium to obtain25 the displacement vector u and the strain
tensor uij in terms of 
� and 
h fields. We use the result to
obtain, in Appendix B, the total free-energy functional to
second order which, in turn, lets us obtain the linear dynami-
cal equations for the 2D Fourier components of 
� and 
h.

The displacement vector that enters the expression for the
elastic free-energy density is measured from an appropriate
reference state. Quantities that correspond to the reference
state are indicated by an overbar. The system of interest, the
coherent alloy film on top of a substrate, is heterogeneous for
which the appropriate reference state has the substrate un-
constrained and the coherent film constrained. This state cor-
responds to a uniform growing film with a homogeneous
order-parameter �̄ whose top surface is a planar front mov-

ing at a constant speed v corresponding to a thickness h̄
=vt. Coherency demands that the in-plane lattice constant of
the film is the same as that of the substrate as and thus ūx

f

= ūy
f =0. In the z direction, the Poisson relaxation leads to

ūz
f = ūzz

f z with ūzz
f � ū=��1+� f� / �1−� f�. Here �= �af −as� /as is

the lattice mismatch, where af is the lattice constant of an
unconstrained film. Note that both af and � are functions of
�̄. The lattice mismatch leads to lateral stress in the film:
�̄xx

f = �̄yy
f � �̄=−2�o

f ū=−2�o
f ��1+� f� / �1−� f�. All the other

components of strain and stress tensors in the film are zero
for the reference state. The substrate is unconstrained and
thus ūi

s=0, ūij
s =0, and �̄ij

s =0 for i , j=x ,y ,z in the substrate
for the reference state.

In absence of external forces, the condition of mechanical
equilibrium is

� j�ij = 0, �A1�

where the stress tensor, in the film, is

�ij
f = 2� f � f

1 − 2� f ull
f 
ij + uij

f −
1 + � f

1 − 2� f �� + �
��
ij�
�A2�

and, in the substrate, it is

�ij
s = 2�s �s

1 − 2�sull
s 
ij + uij

s � . �A3�

Here �= ��af /��� /af is the solute-expansion coefficient.
Combining Eqs. �A1� and �A2�, and using uij =

1
2 �� jui+�iuj�,

the mechanical equilibrium constraint on the displacement
vector reduces to

�i�kuk + �1 − 2���k
2ui − 2�1 + ����i
� = 0, �A4�

in the film. In the substrate, the equation for ui is the same as
Eq. �A4� but without the term proportional to 
�. The con-

dition of mechanical equilibrium is supplemented by the fol-
lowing boundary conditions:

�ij
f nj = 0, at z = h , �A5�

indicating a free boundary with zero force at the top surface

�zj
f = �zj

s , at z = 0, �A6�

indicating continuous stress at the film-substrate interface,
and

u f = us, at z = 0, �A7�

corresponding to the continuity of displacement vector at z
=0; and finally,

ui
s → 0 and uij

s → 0 for z → − � , �A8�

since the semi-infinite substrate is relaxed to equilibrium far
away from the film-substrate interface. To solve for, it is
convenient to use the 2D Fourier expansion of the variables

h = h̄ + �
q

ĥ�q,z,t�ei�qxx+qyy�, �A9a�

ui
s = 0 + �

q
ûi

s�q,z,t�ei�qxx+qyy�, �A9b�

ui
f = ūz

f
iz + �
q

ûi
f�q,z,t�ei�qxx+qyy�,

where 
xz = 0, 
yz = 0, 
zz = 1, �A9c�


� = 0 + �
q

�̂�q,z,t�ei�qxx+qyy�. �A9d�

Substituting Eqs. �A9a�–�A9d� in Eqs. �A4�–�A8�, and using
zeroth-order approximation of elastic constants, i.e., using
�o

f =�o
s =�o, we obtain

�1 − 2�o���z
2 − q2��ûx

f

ûy
f

ûz
f � + �iqx

iqy

�z
�

��iqxûx
f + iqyûy

f + �zûz
f − 2�1 + �o���̂� = 0,

�A10�

where q2=qx
2+qy

2. The equation for the substrate displace-
ment us is similar to Eq. �A10�, but the inhomogeneous term
2�1+�o���̂ is absent. The boundary condition at z=h re-
duces to

�̂xz
f = iqx�̄ĥ; �̂yz

f = iqy�̄ĥ; and �̂zz
f = 0. �A11�

The boundary conditions at z=0 reduce to

�̂iz
f = �̂iz

s for i = x,y,z , �A12�

ûi
f = ûi

s for i = x,y,z . �A13�

Finally, the boundary conditions at z=−� reduce to
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ûi
s → 0 and �zûi

s → 0. �A14�

The solution of Eqs. �A10�–�A14� has been obtained by
Huang and Desai.25 In the film, it is

ûi
f = ��x

�y

�z
�eqz − �iqx/q

iqy/q
1 �Czeqz + �1 + �o

1 − �o
���iqxŴ

iqyŴ

�zŴ
� .

�A15�

The coefficients �i and C are given by

qy�x = qx�y , �A16�

iqx�x + iqy�y = e−qh̄
�2�1 − �o� − qh̄�qūĥ

+ �1 + �o

1 − �o
��q��zŴ�z=h̄� + �− 1 + 2�o + qh̄�

��1 + �o

1 − �o
����z

2Ŵ − �̂�z=h̄� , �A17�

q�z = e−qh̄
�1 − 2�o + qh̄�qūĥ + �1 + �o

1 − �o
��q��zŴ�z=h̄�

− �2�1 − �o� + qh̄��1 + �o

1 − �o
����z

2Ŵ − �̂�z=h̄� , �A18�

C = e−qh̄qūĥ + �1 + �o

1 − �o
���q�zŴ − �z

2Ŵ + �̂�z=h̄� .

�A19�

Here one can understand how the Green’s function Ŵ is in-
troduced through the particular solution of the mechanical
equilibrium equation by taking a divergence of Eq. �A4�. If
one then introduces the relation �2W=
� in real space,22

and uses W�x ,y ,z , t�=�qŴ�q ,z , t�ei�qxx+qyy�, one has

��z
2 − q2�Ŵ�q,z,t� = �̂ �A20�

in Fourier space. This, in turn, leads to the particular solution
of Eq. �A10� given by the last term of Eq. �A15�. Corre-
sponding to the frozen, buried, metastable layers of the film,
one can substitute �̂= �̂o�q�e�t, with t=z /v, to obtain the

expression of Ŵ

Ŵ =
v2�̂o

�2 − �qv�2e�z/v. �A21�

Equations �A15�–�A21� give the displacement vector u in

terms of ĥ and �̂.

APPENDIX B: FREE-ENERGY FUNCTIONAL TO
SECOND-ORDER AND LINEAR DYNAMICAL

EQUATIONS

The elastic free-energy functional can be written, using
Eqs. �11� and �A2�, as

Fel
f =� dx� dy�

0

h

dz1

2
� full

f2
+ � fuij

f2

+
Ef

1 − 2� f�3

2
�2 − �ull

f + 3��
� +
3

2
�2
�2 − �
�ull

f ��
�B1�

with the Lamé coefficient � f =2� f� f / �1−2� f�. Since from
Eq. �13� both Young’s and Shear moduli depend on compo-
sition fluctuations, we can write Eq. �B1� to first order in E1

�

and �1
� as

Fel
f =� dx� dy�

0

h

dz
1

2
�oull

f2
+ �ouij

f2
+ �o�1

�
�uij
f2

+
Eo

1 − 2�o
3

2
�2 − �ull

f + 3��� +
3E1

� − 2�1 + �o��1
�

2�1 − 2�o�
�2�
�

+ 3�1

2
�2 +

3E1
� − 2�1 + �o��1

�

1 − 2�o
���
�2 − �� +

3E1
� − 2�1 + �o��1

�

1 − 2�o
��
�ull

f +
1

2�1 − 2�o�
�E1

� −
1 + 2�o

2

1 + �o
�1

��
�ull
f2

−
3E1

� − 2�1 + �o��1
�

1 − 2�o
�
�2ull

f +
3

2
�3E1

� − 2�1 + �o��1
�

1 − 2�o
��2
�3�� �B2�

with �o=2�o�o / �1−2�o�. The Fourier expansion to second order of the elastic free-energy functional given in Eq. �B2� can be
obtained.25 It is
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Fel
f =� dx� dy�

0

h

dzĒ f + �
q

ei�qxx+qyy�Ê f�q,z,t�� + F̃el
f .

�B3�

Here the zeroth-order term

Ē f =
Eo

1 − �o
�2 �B4�

does not contribute to the dynamic Eqs. �5� and �6�. The
first-order term is

Ê f =
Eo

1 − �o
�− ûll

f + ûzz
f + �2� +

2E1
� − �1 + �o��1

�

1 − �o
���̂�

�B5�

and the second-order term is

F̃el
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q
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0

h̄
dz
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2
�2

+
2�3E1
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����̂�q��̂�− q�
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� − �1 + 2�o��1
�
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���̂�q�ûll

f �− q�

+
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ûll

f �q�ûll
f �− q�� +

Eo

1 − �o
�1

���̂�q�ûzz
f �− q�

+
Eo

2�1 + �o�
ûij

f �q�ûij
f �− q�� . �B6�

These terms contain various strain tensor component combi-
nations: ûij

f , ûll
f , and ûzz

f . These can be determined from the
solution for the displacement vector u obtained in Appendix
A. The strain tensor uij

f is composed of two parts: uij
f =uij

hom

+uij
par, the homogeneous solution and the particular solution.

Since the homogeneous part is not the function of either of
the system variables � or W, and the coefficients �i and C

only depend on the surface values evaluated at z= h̄, it does
not contribute to the functional derivative of the elastic free
energy with respect to �. For the functional derivative only
the particular solution of strain tensor needs to be
considered25

uij
par =

1 + �o

1 − �o
��i� jW . �B7�

The Fourier space quantities ûll
f and ûzz

f can also be calculated
from ûi

f given in Appendix A and are

ûll
f = 2�1 − 2�o

f �Ceqz + �1 + �o
f

1 − �o
f ���̂ ,

ûzz
f = q�ze

qz − C�1 + qz�eqz + �1 + �o
f

1 − �o
f ���z

2Ŵ , �B8�

where �z, C, and Ŵ are as in Eqs. �A18�–�A21�. Together
Eqs. �B4�–�B6� provide the elastic free-energy functional to
second order. Along with the surface free-energy Fs in Eq.

�9� and the Landau-Ginzburg free energy FLG in Eq. �12�,
one has the total free-energy functional explicitly to second
order. These can be substituted in the coupled dynamical
Eqs. �5� and �6� to obtain the linearized equations for �̂ and

ĥ. In terms of Fourier transformed variables, Eq. �5� is

� ĥ

�t
= − �hq2
q2ĥ +  
Fel


�
h�
�

q
+  
FLG


�
h�
�

q
� . �B9�

Using Eq. �B3�,


Fel


�
h�
=





�
h�� dx� dy�
0

h

dzĒ f + �
q

ei�qxx+qyy�Ê f�q,z,t��
+ higher order terms. �B10�

Keeping terms up to the first order, this is equal to �Ē f

+�qei�qxx+qyy�Ê f�q ,z , t��z=h, where the subscript z=h indicates
that quantities are calculated at the top film surface. Due to
the overall Laplacian in Eq. �5� or equivalently due to q2 in

Eq. �B9�, the constant term Ē f does not contribute. Thus to
first order

� 
Fel


�
h�
�

q
⇒ Ê f�s =

Eo

1 − �o
�− 2�1 + �o��qĥ

+ �2�
� − �oqv
� + qv

+
�o

1 − �o
���̂s� , �B11�

where �̂ �z=h= �̂s to first order and �o=2E1
�− �1+�o��1

�. From
Eq. �12�, we obtain the last term in Eq. �B9�, to first order, as

� 
FLG


�
h�
�

q
=





�
h�� dx� dy�
0

h

dz�fLG� = �fLG�z=h

= �− r��o + u�o
3��̂s. �B12�

Thus the linearized dynamical equation for ĥ�q , t� is

� ĥ

�t
= − �hq2�q2 − 2Eo�q�2�ĥ

− �hq2
 Eo

1 − �o
� �o�2

1 − �o
+ 2��

� − �oqv
� + qv

�
− r��o + u�o

3��̂s, �B13�

where �= �1+�o� / �1−�o�. Note that in Eq. �B6�, F̃el
f is inde-

pendent of ĥ; thus the second-order term does not contribute

to �ĥ
�t , since �


F̃el
f


�
h� �q vanishes. For the linearized dynamical
equation for �̂�q ,z=h , t�� �̂s�q , t�, both the first and the
second-order terms in Eqs. �B5� and �B6� contribute, as well
as the FLG from Eq. �12�. The result is
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��̂s

�t
= − ��q2�− r� + 3u�o

2 + �q2��̂s − ��q2 2Eo

1 − �o
��2 + �o�� −

qv
� + qv

���1 − 2�o��2 + �o�����̂s

− 	�̂s + ��q3 2Eo

1 − �o
���1 − 2�o��� + �o�2�ĥs, �B14�

where �o= �8E1
�−5�1+�o��1

�� / �2�1−�o��. If we set �o=0 in Eqs. �B13� and �B14�, we recover the results for the case of a
symmetric alloy considered by Huang and Desai.25
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